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Abstract This paper addresses a numerical algorithm for nonlinear analysis of frames, using the unit
displacement method, in generating a reduced stiffness matrix of the structure. This algorithm can
properly be used in nonlinear static analysis or in the incremental response spectral method. Here, the
instantaneous reduced stiffness matrix of the structure is calculated, considering its linear behavior at
the latest state, by performing a set of numerical tests on the whole structure. Each numerical test
consists of imposing prescribed displacement fields on the lateral displacement of stories and calculating
the reactions of the structure. The solution procedure of each test is based on the division of degrees
of freedom into three parts: (1) predefined lateral displacement of joints, (2) vertical displacement of
joints, considered as linear degrees of freedom, and (3) rotation of joints, regarded as nonlinear degrees
of freedom. The stiffness matrices are generated distinctly for all mentioned parts. Therefore, the linear
stiffness matrix is inverted once at the beginning of the analysis. The suggested method is not limited
to any special case or physical assumptions. This model has good accuracy in representing structural
responses and modal properties, confirmed by different numerical examples. Regarding computational
cost, the proposed algorithm is more efficient in comparison with the conventional method.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The nonlinear behavior of buildings is the subject of many
investigations for predicting their performances under lateral
forces in strong ground motions. In this area, moment resisting
frames are of great importance due to their high ductility, as
well as their popular use [1,2].
Despite being the most accurate approach for estimating
structure behavior under lateral loads [3,4], time history analy-
sis is not ordinarily used in engineering practices due to its dif-
ficulty, complexity and high amount of calculation. Therefore,
certain methods are applied in order to reduce computational
cost by eliminating undesirable degrees of freedom and meet-
ing desirable ones in structural stiffness [5]. These methods are
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Open access under CC BY-NC-ND license.used in linear analyses, as they are not usually applicable to
nonlinear cases.
A wide range of simplified nonlinear analysis procedures
are conducted to avoid the above mentioned disadvantages of
nonlinear time history analysis in the performance assessment
of buildings [6–8]. In these methods, the capacity and perfor-
mance of structures are evaluated using equivalent nonlinear
static analyses, such as pushover [9,10], MPA [11], MMPA [12] &
UPBA [13], or semi dynamicmodal based analysis like AMC [14]
and IRSA [15].
The computational costs of the above mentioned simplified
methods, especially regarding semi dynamic cases are signifi-
cantly reduced by developing reduction methods for nonlinear
analyses. Reduction methods are divided into two main cate-
gories:
1. Methods that use physical assumptions of structural behav-
ior to reduce degrees of freedom [16–20];
2. Methods that use numerical procedures to calculate struc-
tural properties at preselected degrees of freedom [21–23].
The consequences of using physical assumptions in the
reduced model generation are imposed on the results, and
the analysis is limited to certain structures. Some of the most
important linear reduced models of this type can be found
in [16]. In recent years, these models have been developed
for nonlinear analysis. The capabilities of such models are
accepted by FEMA-440 [17] for predicting global responses
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been developed to represent the nonlinear behavior of frame
structures [18–20]. These models have their own assumptions
and limitations; however, their key assumptions are in finding
relations between rotational degrees of freedom of floors.
Numerical methods are usually implemented in the linear
analysis of structures for eliminating the degrees of freedom.
However, two main methods, static condensation [21] and
flexibility [21], have been used for certain nonlinear analyses
of structures. In the static condensation method, the stiffness
of the structure is calculated in certain degrees of freedom by
partitioning the global stiffness matrix. This method is applied
in the nonlinear time history analysis of frames by choosing the
lateral displacement of stories and reducing the stiffnessmatrix
at such degrees of freedom. Here, time consuming calculations
should be repeated during analysis [22]. The flexibility matrix
is generated in the flexibility method by applying unit loads
to the preselected degrees of freedom, and calculating the
displacements of the structure. Here, the reduced stiffness of
the structure is calculated by inverting the flexibility matrix.
Furthermore, it is used effectively in the nonlinear analysis of
structures with certain nonlinear parts [23]. In this method,
the stiffness of linear parts of structures is condensed at joints
interconnected with nonlinear parts. Both mentioned methods
need high computational effort in solving the problems of
infinite nonlinearities, such as frame analysis. In thesemethods,
more computational effort is needed compared to those with
physical reduction. However, they are used for any kind of
structure due to imposing no extra inaccuracies on their results.
In this research, another approach is proposed for nonlinear
reduction. The proposed reduction method determines the
nonlinear behavior of structures using some numerical tests.
In this regard, the load displacement patterns of structures
may be considered as the numerical tests in certain degree
of freedom through which the linear and nonlinear behavior
of the structure is explained. Regarding linear analysis, the
reduced stiffness matrix of the structure may be obtained at
certain degrees of freedom, applying a combination of such
numerical tests. In nonlinear analysis, such a combination will
be sequentially dependent; therefore, special effort is needed
for generating the reduced nonlinear stiffness matrix. In this
study, the numerical tests required for obtaining the reduced
stiffness of frame structures, as well as the procedure of using
the reducedmatrix in the nonlinear static analysis of frames are
presented.
The nonlinear analysis of frames can be replaced with a
series of linear analyses performed between the formations
of plastic hinges. In such cases, it is assumed that: (1) The
plastic hinge, formed at the end of members is the only source
of nonlinearity of the frames; (2) The hinges are bilinear. In
the proposed algorithm, the reduced stiffness matrix of the
structure is obtained for the lateral displacement of stories,
using the mentioned numerical tests at each linear step of the
analysis.
Besides the above mentioned reduction, the linear and
nonlinear degrees of freedomare also divided, corresponding to
vertical displacement and joint rotation, respectively. Here, the
stiffness matrix is distinctly generated for each part. Regarding
the linear part, the stiffness matrix should be assembled and
inverted only at the first step of the analysis. Therefore, the
computational cost is significantly reduced, in comparison to
that of the global stiffness matrix.
The reduction method, proposed for nonlinear analysis
of frames, is formulated and implemented in a nonlinearFigure 1: Degrees of freedom and masses of joints.
static analysis procedure, in order to evaluate its accuracy. In
this regard, a computer program is developed based on the
mentioned procedure. Furthermore, three reinforced concrete
frames are selected to controlmethod accuracy in analyzing the
frames of different geometric properties.
Also, the computational cost of the proposedmethod is con-
trolled by calculating the number of operations needed in the
most expensive parts of the algorithm. Then, the result is com-
pared with the same computational cost in the conventional
analysis method. As the computational cost is related to the
number of degrees of freedom, the frames with different num-
bers of stories and bays are studied.
2. Basic concepts
Here, an n story, 2-D frame is considered inwhich every joint
has three displacement Degrees Of Freedom (DOFs) and two
translational masses (Figure 1). If the vertical mass of joints is
ignored and the beams are considered axially rigid, then one
lateral DOF can be defined for each story, with its corresponding
horizontal translational mass, as follows:
mi =
m−
j=1
mij, (1)
ui = uij, for j = 1, . . . ,m, (2)
where, mi and ui are mass and lateral displacement of the ith
story, respectively, and mij and uij are mass and horizontal
displacement of the ij joint, respectively. Here, m and n stand
for the number of joints at each story and the number of stories,
respectively. mi and ui could be used in defining an equivalent
reduced structure.
The equivalent reduced structure is defined by calculating
the stiffness of the structure at the selected DOFs, which can
be represented by its load displacement curve. For example,
if two structures are coupled in one DOF and one structure
is considered as a support for the other, then the supporting
structure can be replaced with a simple nonlinear spring.
In this spring, the identifying curve is obtained by the
load displacement curve of the structure. In this regard, the
numerical test is performed on the structure, which consists of
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stiffness matrix.
imposing the knowndisplacement and calculating the reactions
of the structure at that DOF.
In the case of selecting more than one DOF, the above
mentioned numerical test would consist of fixing all selected
DOFs and imposing the prescribed displacement in one of
the constrained DOFs. Here, the reactions of the structure are
obtained during each test. As mentioned earlier, the reduced
stiffness may be calculated using a set of such numerical tests.
Here, the numerical tests are presented for calculating the
reduced stiffness matrix of a three-story frame (Figure 2).
The stiffness properties are directly obtained by imposing
unit displacements on the structure (Figure 2). The obtained
full n × n matrix is the reduced stiffness of the n-story frame.
The physical model of an equivalent reduced structure can
be considered as a set of springs and masses. At least n(n +
1)/2 independent springs are required to generate the accurate
reduced model for an n-story frame. The equivalent model of
the studied frame is presented in Figure 3.
It is possible to find a unique equivalent reduced model
that represents the linear behavior of a structure for any
arbitrary lateral loads, because of the constant stiffness of thestructure. Regarding the nonlinear range of the structure, this
model is not found because of its variable stiffness. However,
such an equivalent mass–spring model could be found at any
arbitrary step of nonlinear analysis, using the above mentioned
numerical tests, based on the instantaneous stiffness of the
structure. It means that a sequence of mass–spring models is
obtained through nonlinear analysis. This sequence depends on
applied loads due to the effect of loads on the development of
nonlinearity in the structure. Thus, the mentionedmass–spring
model is applicable to any step of nonlinear analysis where
the analysis is performed upon a piece-wise linear procedure.
In this regard, the length of each linear step is found due to
consecutive nonlinear events. The required step length to reach
the next nonlinear event could be calculated, having element
forces at the end of the previous step and increasing the vector
of internal forces at the current step. In this study, the bilinear
moment plastic hinge formation is considered as the source
of nonlinearity. The structure behaves linearly, based on this
assumption, between the formations of two plastic hinges.
Therefore, the proposed reductionmethod can be applied to the
nonlinear analysis of frames using a piecewise linear algorithm.
Here, the reduction method is used in the displacement control
procedure for nonlinear static analysis of frames in the steps
below:
1. Assemble and invert the structure’s global stiffness matrix;
2. Generate the reduced stiffnessmatrix using numerical tests;
3. Solve the increasing vector of floor displacement values
using a reduced stiffness matrix and a lateral load pattern;
4. Calculate displacement values of remaining degrees of
freedom and member forces using an increasing vector of
floor displacements;
5. Find the load increasing factor for the next nonlinear event;
6. Use the load increasing factor in calculating all structure
responses at the end of the step;
7. Modify the stiffness of members;
8. Return to the first step.
Inversion of the global stiffness matrix and calculation of
the reduced stiffness matrix are the main extensive parts of
this algorithm. Some solutions are discussed in the following
section, in order to reduce the computational cost of these parts.Figure 3: DOFs, springs and masses of reduced model.
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3. Numerical test procedure
As discussed in the previous section, the proposed reduction
method is performed for nonlinear analysis of frames by using a
piecewise linear algorithm. In such an algorithm, the behavior
of the structure is considered linear between the consecutive
formation of two plastic hinges. A sequence of reduced stiffness
matrices is obtained by applying a set of numerical tests to each
state of the structure. Each numerical test consists of imposing
one set of predefined lateral displacements on the stories and
calculating all responses of the structure, including its reactions
to the applied displacements.
The lateral displacements of stories are known in each
numerical test, based on the above definition. The remaining
DOFs are divided into two categories, based on their stiffness
properties during nonlinear analysis: (1) rotational DOFs, and
(2) vertical displacement DOFs. Unlike the variable stiffness of
the structure in the rotational DOFs, the vertical displacement
DOFs can be considered to have a constant stiffness, as the axial
stiffness is constant and uncoupled from the other DOFs. Two
distinct stiffnessmatricesmay be generated based on the above
mentioned division.
According to Figure 4(a), the relation between DOFs and the
corresponding end forces of the frame element can be shown,
as:
F1
V1
M1
F2
V2
M2
 =

Kuu 0 0 −Kuu 0 0
Kvv K 1vr 0 −Kvv K 2vr
K 1rr 0 −K 1vr K 3rr
Kuu 0 0
SYM Kvv −K 2vr
K 2rr


u1
v1
r1
u2
v2
r2
 ,
(3)where F , V and M correspond to axial, shear and moment end
force components of the beam element, respectively, and u, v
and r stand for axial, shear and rotation DOFs. Subscripts stand
for the corresponding end joints.
As the elements of the stiffness matrix experience different
values by the formation of moment plastic hinges, such a
presentation for the stiffness matrix is used. Here, Kuu and Kvv
represent element stiffness in axial and shear DOFs; K 1rr , K
2
rr ,
and K 3rr stand for rotational stiffness corresponding to (r1, r1),
(r2, r2), and (r1, r2) pairs, respectively; K 1vr corresponds to the
coupling between both (v1, r1) and (v2, r1) pairs; and K 2vr
corresponds to the coupling between both (v1, r2) and (v2, r2)
pairs.
All elements of this stiffness matrix are changed by the
formation of moment plastic hinges, excluding Kuu, which
corresponds to the axial stiffness of the element. The sample
joint (ij) of a frame structure with its connecting elements
and their end forces are shown in Figure 4(b), where i is the
story number and j is the column number, respectively. The
same rule is used in defining the elements. For example, cij is
the identification number of the ith column of the jth story.
Here, the moment and vertical force equilibrium equations are
written for the joint as:−
Mij = 0→ M1bij +M2b(i−1)j +M2cij +M1ci(j+1) = 0, (4)−
Vij = 0→ V 1bij + V 2b(i−1)j + F 2cij + F 1ci(j+1) = 0, (5)
where 1 and 2 are used to mark the element end forces (M , V
and F ) at the start and end of the element, respectively. The
vector forms of above equations are obtained by substituting
the element end forces with their corresponding terms shown
in Eq. (3). The formulas are then rearranged as follows:
K¯ ijrr r¯ij = K¯ c(ij)vr u¯ij + K¯ b(ij)rv v¯ij, (6)
K¯ ijuuv¯
′
ij = K¯ b(ij)vr r¯ ′ij + K¯ b(ij)vv v¯ij. (7)
Definitions of the parameters used in these equations are
presented in the Appendix.
Thematrix formsof global equilibriumequations are derived
by repeating the above mentioned processes for all joints and
assembling the equations as:
¯¯K r · r¯ = M¯(u¯, v¯), (8)
¯¯K u · v¯ = V¯ (v¯, r¯), (9)
where ¯¯K u is the stiffness matrix for vertical displacement, ¯¯K r
is the rotational stiffness matrix, M¯ is the moment vector, V¯ is
the vertical force vector, r¯ is the vector of joint rotations, v¯ is
the vector of joint vertical displacements, and u¯ is the vector of
joint horizontal displacements. The stiffness matrices and load
vectors are calculated as:
¯¯K r =
−
i=1,k
j=1,l
K¯ ijrr , (10)
¯¯K u =
−
i=1,k
j=1,l
K¯ ijuu, (11)
M¯(u¯, v¯) =
−
i=1,k
j=1,l

K¯ c(ij)vr u¯ij + K¯ b(ij)vr v¯ij

, (12)
V¯ (v¯, r¯) =
−
i=1,k
j=1,l

K¯ b(ij)vr r¯
′
ij + K¯ b(ij)vv v¯ij

, (13)
where k is the number of columns and l is the number of stories.
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are obtained for rotational and vertical displacement DOFs,
instead of one global stiffness matrix. Here, an iterative process
is required for solving these sets of equations, due to the
coupling of these DOFs. Some advantages can be obtained
by applying this algorithm, in comparison with conventional
methods of analysis. The cost of the matrix inversion, one
of the most extensive parts of analysis, is reduced by using
two smaller matrices instead of one global stiffness matrix.
Besides, the inversion of the linear stiffness matrix is done once
at the beginning of the analysis, as its vertical displacement
stiffness is constant during the nonlinear analysis. Therefore, at
the intermediate steps of the analysis, the re-assembling and
re-inversion processes should be done for only the rotational
stiffness matrix, which greatly increases the computational
efficiency of the proposed algorithm. As the piecewise linear
procedure is considered in the nonlinear analysis, the same
inverted matrices are used to perform one set of numerical
tests. The steps to be performed in one numerical test are as
follows:
1. Generate the rotational and vertical displacement stiffness
matrices: ¯¯K u and ¯¯K r .
2. Initialize the rotational and vertical displacement vectors:
v¯0 = 0 and r¯0 = 0.
3. Calculate the load vectors based on the displacement results
obtained in the previous step:
V¯i = g (v¯i−1, r¯i−1) , M¯i = f (u¯i−1,v¯i−1).
4. Solve the new displacement vectors:
r¯i =
 ¯¯K r−1 · M¯i, v¯i =  ¯¯K u−1 · V¯i.
5. Control the convergence achievement, if any, otherwise,
returning to step 3:
‖v¯i − v¯i−1‖
‖v¯i‖ < e,
‖r¯i − r¯i−1‖
‖r¯i‖ < e.
6. Calculate the internal loads of elements and the reactions of
the structure.
where ‖r¯i‖ and ‖v¯i‖ are the second norm of rotational
and vertical displacement vectors, respectively, and e is the
acceptable value of the convergence criteria.
The efficiency of this algorithm is evaluated in the next
section.
4. Computational efficiency
In this section, the efficiency of the proposed algorithm is
investigated. In this regard, the number of operations required
in the algorithm is calculated and compared with that in the
conventional analysis method, which uses the global stiffness
matrix. The LDLT decomposition method is used for solving
the equilibrium equations. Here, a system is considered with
n DOFs and a half band width of m; an operation is defined
as a multiplication followed by a summation. The number of
operations needed for decomposition is about 0.5nm2 and that
of back substitution is 2nm [24]. The number of operations to
be performed in one iteration step is shown in Table 1.
If i iterations are needed to converge, the number of
operations to be performed in one numerical test will be:
A =

12n+ 4
3
nm

i. (14)Figure 5: The relation between number of iterations, convergence criteria and,
number of stories.
Table 1: Number of operations required in one iteration step.
Equation Calculating step Number of
operations
(A.11), (A.8) Calculating joint load vectors M¯, V¯ 12n
(A.7), (A.8) Solving for joint displacement
vectors v¯, r¯
4
3 nm
Table 2: Number of operations in one analysis step.
Calculating step Number of
operations
Decomposing the rotational stiffness matrix 118 nm
2
Generating the reduced stiffness matrix A× s
Obtaining lateral story displacements s
3
6 + s
2
2 − 2s3
Calculating the joint displacements A
Decomposing the global stiffness matrix 32 nm
2
Back substituting and calculating the joint
displacements
6nm
The required number of iterations is associated with the
convergence criteria; it also relates to the geometric properties
of the structure. The convergence criteria are defined in Step
5 of the numerical test procedure presented in Section 3.
The relation between convergence criteria acceptable error,
number of stories and number of iterations is shown in Figure 5.
These relations are linear trend lines, obtained by the least
square rule from the average number of iterations needed
in analyzing sample frames of different geometric properties.
These results are obtained from additional analyses performed
by the authors. The values of convergence criteria are noted
on the curves in Figure 5. In this regard, the value of 0.01 is
proposed to be used in analyzing frames due to the accuracy
needed in engineering practices.
Here, the computational cost of the proposed algorithm is
compared with that of the conventional method. In this regard,
the most extensive parts of the method in one analysis step,
with the number of operation required in each part, are listed
in Table 2, where n is the number of joints, m is the half band
width of the global stiffness matrix, s is the number of stories,
and A is calculated by Eq. (14). In the proposed algorithm,
lower computational cost is included, in comparison with the
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Zone EIC (kN m2) EIB (kN m2) EAC (kN) MyC (kN m) MyB (kN m)
1 1.55e4 0.78e4 2.07e6 200 100
2 7.86e4 3.93e4 4.66e6 400 200
3 2.48e5 1.24e5 8.26e6 800 400
4 6.06e5 3.03e5 1.29e7 1200 600
5 1.26e6 6.29e5 1.86e7 2000 1000Figure 6: Comparing the computational costs of the proposed algorithm and
conventional method.
conventional analysis method, satisfying the below inequality:
1
18
nm2 + A(s+ 1)+ s
3
6
+ s
2
2
− 2s
3
<
3
2
nm2 + 6nms. (15)
The number of operations to be performed in one analysis step
of the proposed algorithm is shown by the left side of this
inequality and that of the global stiffnessmatrix by its right side.
This inequality can be transformed into:
R =
1
18nm
2 + A(s+ 1)+ s36 + s
2
2 − 2s3
3
2nm
2 + 6nms < 1, (16)where R is the computational cost ratio. Regarding this R
value, the computational cost of the proposed algorithm can
be compared with that of the conventional analysis method.
The proposed algorithm is more efficient than the conventional
method, concerning frames with R values of less than 1. Here,
these ratios are shown for frames with a different number of
bays and stories in Figure 6. The curves, obtained by Eq. (16),
are plotted and their corresponding R values are mentioned.
According to the figure, the relative improvement in the
computational efficiency of the proposed method increases,
as the number of stories decreases or the number of bays
increases.
5. Numerical examples
The nonlinear static analysis is conducted by both the pro-
posed algorithm and the commonly used perform 3-D soft-
ware [25]. Results are compared for testing the accuracy of the
algorithm. Here, three frames are selected to examine the al-
gorithm’s ability in analyzing the frames of different geometric
properties as shown in Figure 7.
In this figure, the height of each frame is divided into several
zones, which are used to define the member’s properties. The
stiffness and resistance of frame members at each zone are
listed in Table 3, where EIC is the bending stiffness of columns,
EIB is the bending stiffness of beams, EAC is the axial stiffness of
columns,MyC is the yield moment of column sections, andMyB
is the yield moment of beam sections.
Moment plastic hinges with symmetric elastic-perfectly-
plastic identifying curves are considered at the end of all
elements. The yield moments of these hinges are listed in
Table 3. The uniform load of 43 kN/m is assumed as the mass
source of the structures at all stories.Figure 7: (a) 5-story frame; (b) 10-story frame and (c) 20-story frame.
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(Figure 7) under which the base shear is plotted versus the roof
displacement, as shown in Figure 8. In this figure, e = 0.01 is
used to perform the reduced stiffness method.
Besides, the lateral displacements of stories, determined in
one of the middle steps of analysis, are compared with the
results obtained from Perform 3D software (Figure 9). The
accuracy of the proposed algorithm is confirmed by the above
comparison in the calculation of the story displacements.
In addition, the maximum error occurred in calculating the
joint displacements, as well as the internal forces of elements,
during nonlinear analysis of the frames, are listed in Table 4.
The average number of iterations used to achieve conver-
gence in the different steps of analysis and the expected one
are compared and shown in Figure 10.
The suitability of the reduced model for modal analysis
is checked by calculating modal properties of the example
frames. Here, the proposed reduced stiffness matrix and
its corresponding diagonal mass matrix are used in thisTable 4: Maximum error in element forces and joint displacements.
Example frame Maximum error in joint
displacement %
Maximum error in
element forces %
5-story 0 0.015
10-story 0.132 0.045
20-story 0.246 0.407
calculation. The changes of modal properties are recalculated
during nonlinear analysis, in order for them to be traced. The
results are compared with the values obtained from Perform
3D software. The Perform 3D results are calculated by a set of
linear models where each model has a particular distribution
of moment end releases. The distribution is similar to that of
plastic hinges in the nonlinear model at a certain step.
These values, with their corresponding base shear, are
considered as ‘‘perform results’’. The natural period of the
undamped free vibration of example frames is drawn versus the
base shear and compared with perform results in Figure 11.
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the frames.
6. Conclusion
In this research, a new algorithm is proposed for reducing
the degrees of freedom in the linear and nonlinear analyses of
frame structures. The most important advantages obtained by
this algorithm are as follows:
1. No physical assumption is used by this method in the linear
analysis. So the algorithm is comparable with complete
numerical reduction methods, such as substructuring.
2. The method is extended to nonlinear analysis and is very
efficient in the nonlinear analysis of frame structures, unlike
other numerical reduction methods.
3. Considering the acceptable value of convergence criteria
equal to 0.01, the error is less than 0.5% in calculating
different responses.
4. According to the examples, the proposed reduced structure
can represent the modal properties of the structure during
nonlinear analysis. This capability makes the proposed
algorithm proper for nonlinear semi dynamic procedures.5. The efficiency of the proposed algorithm is estimated. It is
shown that the algorithm is more efficient than the conven-
tional method of analysis.
Appendix
Definition of the parameters used in Eqs. (6) and (7) are pre-
sented here.
K¯ ijrr =

K
3(b(i−1)j)
rr K ijrr K
3(bij)
rr K
3(cij)
rr K
3(ci(j+1))
rr

, (A.1)
K ijrr = K 1(bij)rr + K 2(b(i−1)j)rr + K 2(cij)rr + K 1(ci(j+1))rr , (A.2)
K¯ c(ij)vr =

−K 2(cij)vr K c(ij)vr K 1(ci(j+1))vr

, (A.3)
K c(ij)vr = K 2(cij)vr − K 1(ci(j+1))vr , (A.4)
K¯ b(ij)rv =

−K 2(b(i−1)j)vr K b(ij)vr K 1(bij)vr

, (A.5)
K b(ij)vr = K 2(b(i−1)j)vr − K 1(bij)vr , (A.6)
r¯ij =

r(i−1)j rij r(i+1)j ri(j−1) ri(j+1)
T
, (A.7)
u¯ij =

ui(j−1) uij ui(j+1)
T
, (A.8)
v¯ij =

v(i−1)j vij v(i+1)j
T
, (A.9)
K¯ ijuu =
−K cijuu K ijuu −K ci(j+1)uu  , (A.10)
K ijuu = K cijuu + K ci(j+1)uu , (A.11)
K¯ b(ij)vr =

−K 1(b(i−1)j)vr K b(ij)vr −K 2(bij)vr

, (A.12)
K¯ b(ij)vv =

K
b(i−1)j
vv K b(ij)vv K
bij
vv

, (A.13)
K b(ij)vv = −K bijvv − K b(i−1)jvv , (A.14)
v¯′ij =

vi(j−1) vij vi(j+1)
T
, (A.15)
r¯ ′ ij =

r(i−1)j rij r(i+1)j
T
. (A.16)Figure 11: First mode natural period of example frames.
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